Abstract. We show that the injective Kobayashi-Royden differential metric, as defined by Hahn, is upper semicontinous.
Introduction
Let M be a connected complex manifold and TM its holomorphic tangent bundle. A differential metric on M is a function f M : TM → R satisfying the following conditions:
If in addition f M is upper semicontinuous on TM, then we call f M a Finsler-type metric. A Finsler-type metric is called a Finsler metric if it satisfies the convexity condition
For example, if h is a Hermitian metric on a complex manifold M, then the functioñ h : TM → R ≥0 given byh
where the infimum is taken with respect to set of piecewise differentiable curves γ : [0, 1] → X with γ(0) = x and γ(1) = y, then F is a pseudo-distance. On a complex manifold M the Kobayashi-Royden metric is defined by
where H(D, M) is the set of holomorphic mappings of the unit disc D to M. Royden showed that this metric is a Finsler-type metric [6] . A complex manifold M is called
is K-hyperbolic if for every Hermitian metric h on TM and for every p ∈ M there is a neighbourhood U of p and a constant [4] originally defined the pseudo-distance K by considering the analytic chains of holomorphic mappings from the unit disc D to M. K-hyperbolic manifolds form a large class, e.g., every compact Riemann surface of genus ≥ 2 and every bounded domain in C n is K-hyperbolic. Let M and N be complex manifolds and let f : M → N be holomorphic. Then, for each X p ∈ TM, we have
Hahn considered the family I(D, M) of injective holomorphic mappings of the unit disk D into M and, analogous to k M , he defined the differential metric s M on a complex manifold M [1] ; S-hyperbolicity is defined similarly. This differential metric is invariant under biholomorphic maps, and
Vesentini showed that the domain C * × Ω is not S-hyperbolic if Ω is a domain of dimension two or larger [8] . Moreover, Vigué proved that
. Despite many similarities between s M and k M , they behave differently on certain domains. For example C * is not K-hyperbolic, but Hahn proved that it is S-hyperbolic [1] , which means
is still an open problem. If equality holds s G would be upper semicontinuous. In this paper we show that s G is upper semicontinuous on the tangent bundle of each domain G in C n , n ≥ 1. This is a positive answer to the question raised in [7] .
Regularity
The following result is a step forward toward proving that
Theorem 2.1 Let n ≥ 1 and G ⊂ C n be a domain. Then the differential metric s G on G is upper semicontinuous.
Proof Without loss of generality, instead of I(D,
The function ψ is injective, its image is inside G, ψ(0) = z and ψ
and shows that s G is upper semicontinuous at z 0 . As we mentioned, Overholt [5] proved that for n ≥ 3 the Kobayashi-Royden differential metric k G coincides with s G and since k G is upper semicontinuous [6] . It remains to consider n = 2. However our proof is different from Royden's proof and works for n ≥ 2.
Let z 0 ∈ G, 0 = X 0 ∈ C n , α > 0 and let ϕ : D → G be an injective holomorphic mapping with ϕ(0) = z 0 , αϕ
The mapping Φ (z m ,X m ) is biholomorphic and converges uniformly to id C n when m → ∞. Moreover,
and αϕ
Since Φ (z m ,X m ) converges uniformly to id C n , for sufficiently large m, the mapping
denotes the Euclidean ball with center z 0 and radius r, and let K := max
, which shows that S G is continuous at (z 0 , 0).
The Metricŝ M
Let M be a complex manifold and let 
Let I p (D, M) denote the subset of I(D, M) consisting of mappings f with f (0) = p, then we have,
Hence the first part of the proof is complete. By Theorem 2.1, when M ⊂ C n is a domain, s M is upper semicontinuous, and by the same technique as [2, Proposition 3.6.2] we can complete the proof of second part. Now, the two pseudo-distances S G andŜ G induced by s G andŝ G , respectively, can be considered on G. Since s G is upper semicontinuous, for any compact subset K and any domain G of C n , there exists a constant C > 0 such that
Thus by the same argument as [2, Theorem 3.6.4], the following theorem can be proved.
Theorem 3.2
Let G ⊂ C n be a domain. The pseudo-distance S G coincides withŜ G .
